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Probabilistic Optimal Power Flow in Correlated
Hybrid Wind–Photovoltaic Power Systems
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Abstract—As a matter of course, the unprecedented ascending
penetration of distributed energy resources (DERs), mainly
harvesting renewable energies (REs), is concomitant with envi-
ronmentally friendly concerns. This type of energy resources are
innately uncertain and bring about more uncertainties in the
power system, consequently, necessitates probabilistic analyses of
the system performance. Moreover, the uncertain parameters may
have a considerable level of correlation to each other, in addition
to their uncertainties. The two point estimation method (2PEM)
is recognized as an appropriate probabilistic method in small
scale or even medium scale problems. This paper develops a new
methodology for probabilistic optimal power flow (P-OPF) studies
for such problems by modifying the 2PEM. The original 2PEM
cannot handle correlated uncertain variables but the proposed
method has been equipped with this ability. In order to justify the
impressiveness of the method, two case studies namely the Wood
& Woollenberg 6-bus and the Mathpower 30-bus test systems are
examined using the proposed method, then, the obtained results
are compared against the Monte Carlo simulation (MCS) results.
Comparison of the results justifies the effectiveness of the method
in the respected area with regards to both accuracy and execution
time criteria.

Index Terms—Correlation, probabilistic optimal powerflow, two
point estimation method, uncertainty modeling, wind turbine gen-
erator (WTG).

NOMENCLATURE

The notation used throughout the paper is stated below for
quick reference.

Index of samples, running from 1 to .

Wind speed Weibull scale parameter [m/s].

Wind speed Weibull shape parameter.

Number of uncertain variables.

Vector of loads active power [MW].

Vector of generators active power [MW].

Solar cell generator (SCG) rated power [MW].

WTG rated power [MW].

SCG output power [MW].
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Vector of wind farms power generation [MW].

WTG output power [MW].

Covariance matrix of the input variables.

Vector of loads’ reactive power [MVAr].

Vector of generators reactive power [MVAr].

Vector of wind farms reactive power [MVAr].

Solar radiation [W/m ].

A certain radiation point, usually set to 150 W/m .

Solar radiation in the standard conditions usually
set to 1000 W/m .

Wind speed [m/s].

Vector of bus voltage magnitude [p.u.].

Wind turbine cut-in speed [m/s].

Wind turbine cut-out speed [m/s].

Wind turbine rated speed [m/s].

Beta distribution shape factor [kW/m2].

Beta distribution shape factor [kW/m2].

Mean value of the uncertain variable.

Mean value of output variable obtained by Monte
Carlo Simulation method.

Standard deviation of the uncertain variable.

Standard deviation of output variable obtained by
Monte Carlo simulation method.

Vector of bus voltage angle [rad].

Correlation coefficient between variables and .

I. INTRODUCTION

A. Incitement

B EING ENGAGED with environmentally friendly con-
cerns obliges that the pollutants emitted to our sur-

rounding world must be lowered extremely. The energy
intensive sectors are of the most polluters. Accordingly, based
on the European 2050 energy roadmap, the european union
(EU) and the G8 aim to reduce greenhouse gas (GHG) emis-
sions by at least 80% below 1990 levels by 2050 [1]. On this
pathway, a solution is to utilize non-emission energy conversion
technologies or at least low-emission ones such as renewable
energies (REs) more and more. It is aimed to produce 20% of
final energy consumption of the EU from renewables by 2020
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as an objective of 2020 project [1]. Well, but the integration
of a significant amount of REs such as wind and solar power
into the power systems causes crucial operational challenges
which stem from their uncertainties. Besides the uncertainties
associated with the REs, the elements of power systems are
not 100% reliable; so the state of the system has a high degree
of uncertainty. The optimal power flow (OPF) evaluation is
one of the approaches used to determine the power systems
state but in such uncertain power systems, a deterministic OPF
evaluation can’t reveal the state of system accurately. Ergo,
probabilistic evaluation is of a significant interest. Computation
of probabilistic optimal power flow (P-OPF) is one of the major
requirements in the power system planning and operation.
The P-OPF studies the impact of uncertain input variables and
determines the propagation of uncertainties over the output
parameters. Deterministic OPF study needs specific values for
loads, generation, and network conditions. On the contrary, in
restructured power systems, including intermittent and variable
energy resources like REs, the uncertainty of power system
OPF is not ignorable. In the system expansion planning and
operation, it is desirable to assess system variables (control,
state, and output variables) for a range of load and generation
conditions. Performing P-OPF study gives system planning
engineers a better feel of future system conditions and will
provide more confidence in making judgments concerning
investments. Performing OPF for every possible or probable
combination of loads, generating unit’s conditions, and network
topology is impractical because of the extremely large com-
putational effort required; therefore, the probabilistic methods
with an acceptable accuracy as well as a tractable computation
are needed for the system studies.

B. Literature Review and Contribution

To comprehend the power system uncertainties, probabilistic
techniques have been used since early seventies [2], [3]. As
yet, many probabilistic methods have been proposed to study
the uncertainty problem in engineering systems, which can be
generally classified in two categories: simulation and analytical
methods.Monte Carlo simulation (MCS) is the widely used sim-
ulation method. In [4], the authors used theMCSmethod to ana-
lyze the OPF under the uncertainty of load. MCS provides more
accurate results but its execution might be extremely time-con-
suming, this issue makes the MCS unattractive in real time ap-
plications. However, scenario reduction technique can be used
to reduce its computational burden [5], [6]. In order to reduce the
computational effort, the analytical probabilistic methods were
proposed, which their summary review is reported as the fol-
lowing. The problem of economic dispatch is considered as a
probabilistic problem in [7], where the authors use Gram-Char-
lier series to represent the probability density function (PDF) of
the system uncertain loads. In [8]–[10], the Cumulant method
(CM) is used to study on the P-OPF problem. The method is
based on the linearization and series expansion which has some
special difficulties and application problems [11]. The first order
second moment (FOSM) is used in [12] and [13] to study on the
P-OPF problem. FOSM uses exactly a first- order Taylor series
approximation in order to compute first and second order statis-
tical information [13]. In [10], the CM and FOSM are compared
and the numerical examples show that the accuracy of these two

methods is almost the same. In [14], the Unscented Transforma-
tion (UT) method is used to study on the OPF problem under the
uncertainty of load and wind power generation. In [15]–[17], the
authors developed a new approach in probabilistic studies based
on the point estimation method (PEM). The two point estima-
tion method (2PEM) was proposed for P-OPF study in [18]. The
computational burden associated with themethod is exactly pro-
portional to the number of uncertain variables and this feature
may make the method impractical in large-scale problems. The
main advantage of the analytical methods mentioned above is to
avoid the cumbersome computer simulations; in contrast, these
methods impose more assumptions and complex mathematical
algorithms [11].
Another way to study on the uncertainty of engineering sys-

tems is to use possibility theory. The possibility theory is used
when there is not sufficient historical data about uncertain vari-
ables to construct an appropriate PDF for them. In [19], the pos-
sibility theory is used to consider the load uncertainty in the OPF
problem by means of fuzzy sets theory. In [20], a fuzzy opti-
mization approach for generation scheduling of power systems
with different uncertainties is proposed.
The main contribution of this paper is to develop a new

methodology in the P-OPF studies of power systems taking
into account both the uncertainty and correlation of system
input variables such as the load and wind, and solar power
generation. The proposed method is a modified version of the
2PEM and can handle correlated variables. At first, the original
method is introduced, and then a novel approach is proposed
to equip the original method with the ability of considering
the correlation between variables. Afterwards, the proposed
methodology is adapted to the asymmetrical version of the
original 2PEM. It is then implemented to the power system
P-OPF study. In the following, the proposed methodology is
applied to the test systems including a 6-bus and a 30-bus test
system taking into account the aforementioned uncertainties.
To assure the effectiveness of the proposed method as well
as to verify correctness of the results, the obtained results are
compared with those of MCS with regards to both accuracy and
execution time criteria. To the best of the authors’ knowledge,
there is no reported work to use such a method to consider the
correlation of uncertain variables in other engineering fields or
even in other probabilistic methods and this shows the novelty
of this work.

C. Paper Organization

The rest of the paper is organized as follows. Section II in-
troduces the OPF and P-OPF formulation. Section III describes
the probabilistic methods used in P-OPF studies. Section IV dis-
cusses about the uncertainties in OPF problem and their mod-
eling. In Section V, the correlation between uncertain variables
and its importance in the P-OPF problem is given. Section VI
describes the case studies; afterwards, the obtained results are
presented for each case study. Finally, the concluding remarks
will come in Section VII. Additionally, an Appendix that for-
mulates the 2PEM is included.

II. OPTIMAL POWER FLOW PROBLEM

Essentially, the optimal power flow (OPF) as an optimization
problem, has a single objective function, which commonly is to
minimize the system operation cost [21].
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A. Optimal Power Flow Formulation

The OPF problem can be formulated mathematically as the
following constrained nonlinear optimization problem.

(1)

The objective function is a scalar function. There are
two types of variables in this optimization problem, state and
control variables. is the set of state variables (e.g., ) and
is the set of control variables (e.g., ). The set of con-

straints can be divided in two categories: equality and inequality
constraints. The set of equality constraints are represented by

, which are power balance equations at each bus. The
inequality constraints include the maximum and minimum al-
lowable limits for bus voltages, active and reactive generation
of each generation unit, and power flow through the transmis-
sion lines.
In a reregulated power market environment, the most impor-

tant market-driven signal that can be used by the independent
system operator (ISO) to manage the system (clear the system)
is the energy price. As a matter of fact, the price of energy espe-
cially in a competitive market environment is volatile. Although
security derivatives might be proposed as the electricity con-
tracts to hedge the risk against price spikes but especially in a
balancing market, the ISO may face with spot price volatility.
On the other hand, the locational marginal price (LMP) is the
price that should be paid at each individual node in the network.
In fact, the value of LMP is not constant within the operating
scheme, while it may change with the variation of load, gener-
ation, and system as well as market conditions. Therefore, the
LMP in such tentative system conditions has a high degree of
uncertainty. It is known that the LMP at a given bus is the in-
cremental operating costs of the last MWh of energy demanded,
which can be obtained from an OPF execution. Therefore, in
this work, the OPF problem is probabilistically studied to obtain
the uncertainty of the output variables such as LMPs associated
with system operating costs.

B. Probabilistic Optimal Power Flow Formulation

Power systems are innately uncertain. To face with proba-
bilistic systems, probabilistic approaches must be implemented.
Accordingly, the main goal of the P-OPF study is to determine
the state of the system as a function of uncertain input variables.
This matter can be stated as (2).

(2)

Input vector X can be written as:

(3)

The input vector contains the load, the network conditions, the
states of generating units and the power generated by the dis-
tributed energy resources (DERs) such as wind and solar farms
among others. The output vector Y is stated as:

(4)

The uncertainty of input variables causes the output variables to
be uncertain.

III. PROBABILISTIC METHODS

As previously noted, several probabilistic methods for P-OPF
studies have been developed so far, which can be categorized
into two groups: Simulation methods like MCS and Analytical
methods such as 2PEM.

A. Monte Carlo Simulation (MCS) Method

MCS is a simulation based approach that incorporates
random numbers and probability in order to solve the problems
having uncertainties in their parameters. It is a method to iter-
atively evaluating a deterministic model using sets of random
numbers as inputs. This method is often used when the model
is complicated, nonlinear, or involves more than just a couple
uncertain parameters [22]. A simulation can typically involve
over thousands evaluations of the model, a task which in the
past was only practical using super computers. Although the
MCS is able to provide accurate results, the computation is
really time-consuming; therefore, it is not so attractive in real
time applications.

B. Two Point Estimation Method (2PEM)

The 2PEM is used to decompose (2) into several sub-prob-
lems by taking only two deterministic values of each uncertain
variable placed on both sides of its mean value. The determin-
istic OPF is then run twice for each uncertain variable, once
for the value below the mean and once for the value above the
mean while keeping the other variables at their mean values.
These two points may be symmetric around the mean of a given
variable or be unsymmetrical. Then, each set of selected sample
points undergoes the nonlinear function, here the OPF, to ob-
tain the transformed sample points. Note that as the value of
uncertain input variables varies in different samplings, the op-
timum solution changes for each of these deterministic OPF
problems [4]. It must be emphasized that in this method, the
number of selected sample points increases as the number of
uncertain variables increases. In large-scale systems, with many
uncertain variables, the 2PEMdoes not performwell as in small-
scale ones, since the computational efficiency and accuracy are
directly proportional to the number of uncertain variables. It
means that as the number of uncertain variables increases, both
the time efficiency and the accuracy of the 2PEM decreases
against MCS [18]. It can be deduced that the 2PEM is very
attractive probabilistic method in small scale problems. In the
P-OPF studies, it is desired to find the statistics data of uncer-
tain output variables such as the expected value and the standard
deviation (STD). However, it is rarely the case to have a set
of symmetric PDFs such as normal distribution, e.g., the wind
speed is claimed to have Weibull distribution function which is
asymmetric [23]. In this work, whereas, the PDF of some of un-
certain input variables are unsymmetrical, the asymmetric ver-
sion of the 2PEM is used. The main formulation of the asym-
metrical version of 2PEM is presented in the Appendix.

IV. UNCERTAINTY IN OPF PROBLEM

As formerly mentioned, the OPF is an optimization problem
with some equality and inequality constraints. In an optimiza-
tion problem, the Lagrangian multiplayers which stand for the
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shadow price of constraints vary due to the variations of right
hand side values of the corresponding constraints. Briefly, it is
known that the LMP at a given bus is the incremental operation
cost of the system due to increase of the demand by 1 MWh.
The value of LMP can be broken down into three components
each standing for the marginal energy price, marginal loss price,
and marginal congestion price [24]. So, with the variation of
lagrangian multiplayers associated with these three parts, the
LMPwould be variable. In fact, the existence of some uncertain-
ties such as the load, generation, and the system elements, the
right hand sides of the OPF constraints vary and consequently,
the value of LMP at each bus changes. In the following, the con-
sidered uncertainties in this work and their modeling are pre-
sented.

A. Uncertain Parameters

As the electricity industry restructuring is being scurried,
in conjunction with the unprecedented advancement of new
technologies during the last decades, the momentousness of
OPF for power system planning and operation has been glanced
considerably. Generally, OPF is addressed as a deterministic
problem with fixed model parameters and input variables.
However, many random disturbances or uncertain factors may
exist within the power system operation due to measurement
errors, forecasting errors, or outage of system elements as well
as price spikes as an endogenous variable. These uncertainties
impose errors in the OPF solutions when deterministic data are
employed; therefore, probabilistic analysis must be executed. It
can be argued that the effects of uncertainties on the small scale
power systems are more than that of the larger ones. However,
there are many small countries around the world that their
electrical networks are relatively small scale power systems
with a few high voltage substations as 230 kV or higher, so the
need for development of new methodologies in order to handle
the uncertainties of such systems is as appealing as for the
larger networks. Though, power systems are faced with variety
of uncertainties, we mostly focus on the load, wind, and solar
power generation uncertainties.

B. Uncertainty Modeling

Certainly, the load as the most conspicuous uncertain vari-
able plays a crucial role in power system operation. It fluctu-
ates as a function of time, weather conditions, and electricity
price among the rest. It is a common practice to model the load
through the normal distribution with specific mean and STD
values which can be obtained from historical data [24], [25].
In this study, the load is modeled through a normal distribution
function with , the mean value equal to the base load, and ,
the STD equal to % of its mean.
In order to model the wind power generation uncertainty,

some buses are assumed to have integrated wind farms with un-
certain output powers. Wind speed varies both in time and loca-
tion and its PDF is claimed to be Weibull in the respected litera-
ture [23], [26]. So, the wind speed is modeled with Weibull dis-
tribution function. The WTG’s output power uncertainty mod-
eling is summarized as follows.
Step 1: The wind speed is modeled by an appropriate PDF such
as Weibull. It can delineate the wind speed manner and the oc-

currence probability of each wind speed. The Weibull distribu-
tion function is represented by (5).

(5)

Step 2: In order to assess the uncertainties, the problem is eval-
uated several times to cover at least the most important or prob-
able conditions. In order to model the WTG’s output power un-
certainty, the wind speed samples are generated in each evalua-
tion by an appropriate manner.
Step 3: The generated wind speed samples can be transformed
to wind turbine output power using wind speed-power curve
through (6).

(6)

Step 4: The wind farm output power can be modeled as negative
load in the corresponding bus (here, it is assumed that the wind
farm power factor is kept at 0.85 lag) [27].
Unlike it seems, the solar radiation has a high degree of uncer-

tainty. It varies as a function of several factors such as environ-
mental conditions, time of day, month, season, and orientation
of the solar cell generator (SCG) to the sun radiation among the
rest. The solar radiation PDF is modeled by beta distribution
function [26], as the following:

(7)

SCG’s output power is related to the solar radiation; therefore,
its output power modeling requires the solar radiation modeling.
The SCG’s output power as a function of radiation is stated as
radiation-power curve [26]:

(8)

The procedure of uncertainty modeling for solar generation
would be the same as that of the wind generation.

V. THE CORRELATION BETWEEN UNCERTAIN VARIABLES

The system variables may be dependent to each other or may
not. When the variables are depending to each other, the vari-
ation of one variable affects the other variables, too. The emi-
nence and direction of these impacts are functions of this depen-
dency. Generally, this matter is stated through the covariance
matrix or correlation coefficient matrix. The correlation coeffi-
cients can be obtained through (9).

(9)

The correlation coefficient is in case of perfect positive
linear relationship, in the case of a perfect negative linear
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relationship (anti-correlation) [28], and some values in the
range of in all other cases, indicating the degree of
linear dependence between the variables. As it approaches
zero, there is less of a relationship (closer to uncorrelated).
The closer the coefficient is to either or 1, the stronger the
correlation between the variables. If the variables are inde-
pendent, the correlation is zero, but the converse is not true.
The uncertainty and correlation of the load at different buses
is reasonable because some common factors such as weather
conditions influence a large group of customers in the same
way [29]. Both the uncertainty and correlation of the load can
be modeled using a correlated normal distribution function
[25], [30].

A. The Importance of Correlation

Nowadays, the utilization of REs for electrical energy gener-
ation is growing at a high rate as a direct consequence of serious
environmental concerns. In this context, wind and solar energies
are of the most successfully utilized. It is a well known fact that
there is a considerable degree of correlation between these en-
ergies. This correlation may have positive or negative effects on
the power system operation. As a matter of fact, wind speeds at
proportionately nearby wind farms can be actually correlated
and this matter may cause a large/little power generation by
wind farms simultaneously which can severely affect the power
transmitted through the lines [27]. Similarly, this matter may
happen for loads in some buses; the weather condition is one of
the causal factors for this correlation. Hence, the investigation
on the correlation effects on power systems is of significant in-
terest.

B. Equipping the 2PEM to Consider the Correlation

As mentioned before, the correlation between uncertain vari-
ables plays a crucial role in the performance of future power
grids. Therefore, the probabilistic methods used to analyze
theses networks, have to consider the correlation between
uncertain input variables. This paper deals with mathematically
enhancing the original 2PEM in this respect by its sampling
modification as the following steps.
Step 1: suppose that the system has uncertain variables with
different PDFs such as normal or Weibull among the rest. So,
we have an vector denoted by mean vector and an

matrix denoted by covariance matrix .

(10)

(11)

The correlation coefficients matrix is calculated through (9). It
must be recognized that if all uncertain variables are indepen-
dent, the covariance matrix will be a diagonal matrix.
Step 2: in order to apply the correlation concept to the selected
points through the original 2PEM, a reference point must be
defined first. By defining this point, the method is able to grasp
which variables have deviations from the reference point by
subtracting the selected vector of inputs from the reference
vector in all iterations of the method execution. The mean

vector is a good candidate for this point.
Step 3: calculate the term in all iterations as:

(12)

Step 4: obtain the new vector of input variables sample consid-
ering correlation between variables.

(13)

It must be recognized that is the
vector which the original 2PEM suggests to apply for uncer-
tain input variables in each iteration and is the vector
that the modified version of the method, considering the cor-
relation between variables, proposes in that iteration. Factually,
this method employs the principle of the 2PEM to consider the
correlation. This simple procedure is applied in all iterations to
the selected sample points. Expanding (13) for the first variable
gives the following equation:

(14)

In (14), the term of indicates the contribution of
variable th’s variations on the first variable variations. If all
variables are independent from each other, (14) converts to

. Finally, whereas , it
converts to , which logically is
true.
Step 5: obtain the transformed sample points and statistics of
output variables through (32)–(34).

VI. CASE STUDIES AND DISCUSSION

To justify the effectiveness of the proposed method in the
P-OPF studies with correlated variables, two case studies are
studied using the presented method, and then the obtained re-
sults are discussed. The proposed method was implemented on
a Dell Inspiron 1420 system with a 2-GHz processor and 2-GB
of RAM using MATLAB optimization toolbox [31].

A. The Wood and Woollenberg 6-Bus System

This system has 6 buses, 3 generation units, and 11 transmis-
sion lines with base power and base voltage equal to 100 MVA
and 230 kV, respectively [32]. It is such a simple case that the
correctness of the results can be confirmed intuitively, mean-
while, some important features of the method can be revealed.
In this case study, two sub-cases are defined and the obtained
results for each case are elucidated logically.
The Base Case: Uncorrelated Variables: It is a well known

fact that REs have an intermittent and variable nature, so utiliza-
tion of these energies in power systems can raise network uncer-
tainties. Assume that based on ISO planning policy, in order to
increase the green energy generation, a wind farm and a solar
farm must be installed nearby Buses 4 and 5 of the network
through sufficient infrastructures, respectively. Table I outlines
the data associated with these farms. More detailed technical
data about used wind turbines can be found in [14]. The inten-
tion at this point is to assess the uncertainties associated with
OPF output parameters for this case study.
Adding these wind and solar farms to the network and per-

forming the P-OPF study by the proposed method, results in
data outlined in Table II.
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TABLE I
WIND AND SOLAR FARMS INFORMATION—6 BUS SYSTEM

TABLE II
OBTAINED RESULTS BY 2PEM METHOD—BASE CASE

Table II illustrates that the generation unit at bus 1 is the mar-
ginal unit since the LMP at that bus has the greatest value among
the generation buses and this means that it is the most expen-
sive generation unit. Another reason is that the STD of gener-
ation at that bus is larger than those of other generation units.
From this table, it is obvious that the LMP at PQ buses has
greater values than the generation buses. Since no congestion
is occurred through the system, the LMP variations are due to
first two terms i.e., marginal energy and loss pries. In the PQ
buses, the loss term causes the LMP to increase. The STD of
LMP at bus 4 has the largest value because the uncertainty at
that bus is more than the others. The mean value of LMP at bus
4 has the largest value, since this bus is connected to other buses
through more impedance connection lines; therefore the loss
term of LMP at that bus increases. The important observation
to be made is that as the skewness of an output variable closes
to zero, its PDF tends to be symmetrical such as the normal dis-
tribution. Fig. 1 pictorially shows this fact for the total active
losses and the total operation cost for this case. Note that the
blue colored PDF is obtained by the MCS sampling and the red
colored one is the obtained PDF by 2PEM with the assumption
that the output variable has a normal distribution. In this figure,
as the operation cost has rather a small skewness, its PDF is
relatively symmetrical and may be approximated by a normal
distribution. For the total active losses, since it has a relatively
positive large skewness value, its PDF is skewed to the right and
consequently it cannot be approximated with a normal distribu-
tion.
Case 1: The Correlated Variables: The correlation between

variables may have either positive or negative values. What ef-
fects can be imposed to the system by the correlation between

Fig. 1. PDF of the total active losses and operation cost—base case.

TABLE III
OBTAINED RESULTS BY PROPOSED METHOD—CASE 1

variables (the load at buses 4, 5, and 6 and REs generation at
buses 4 and 5) is the subject of this case. To this end, suppose
that the correlation coefficients matrix of input variables to be
as:

(15)

It means that the load at buses 4 and 5 are correlated by and
also the load at bus 4 is correlated with the wind farm generation
at that bus by and so on. In this situation, the system
P-OPF study results are as given in Table III.
Comparing the results of Table III with those of Table II, it is

clear that the STD values of output variables increased due to
the correlation between input variables. The STD of generation
at bus 1 has been increased notably, due to the fact that it is the
marginal unit and should compensate the power mismatch of the
system. Both the mean and STD values of generation at bus 2
have been increased since it is the cheapest unit and dispatched
first to provide the increased demand.

B. The Mathpower 30-Bus Test System

This system has 30 buses, 80 transmission lines and 7 gener-
ation units. For this case study, two sub cases are defined again.
The Base Case: Uncorrelated Variables: Assume that the

base case has a wind and a solar farmwhose information is given
in Table IV.
Table V outlines the results obtained by the method applied

in the P-OPF study. In this table, the statistical data for the total
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TABLE IV
WIND AND SOLAR FARMS INFORMATION—30 BUS SYSTEM

TABLE V
OBTAINED RESULTS BY PROPOSED METHOD—BASE CASE

cost, total losses, and the generation of all units are given. The
LMPs with STD values greater than 1 [$/MWh] are given.
Referring to Table V, it is clear that the existence of wind

and solar farms in certain areas brings additional uncertainties
in those areas and their neighborhood. Generation at bus 13 is
the marginal unit because it is the most expensive unit among
generation units and also its generation has the maximum STD
value. Thereafter, the unit at bus 2 has the largest STD value
due to the fact that a large consumer is placed at that bus and
the variations of that load directly affects the generation of this
unit. The LMP at bus 8 has the largest values for mean and STD.
It seems to be due to the largest load of the network placed at
that bus. In order to verify this hypothesis, the P-OPF study of
this case was done with no solar farm at bus 8. The mean value
of LMP at that bus calculated to be 5.3226 [$/MWh]. Compar-
ison with the results of Table V reveals that the existence of
solar farm at bus 8 causes the mean value of LMP at that bus
to decrease. The existence of solar farm at bus 8 corresponds to
the load reduction at that bus and consequently the reduction of
LMP.
Case 1: The Correlated Variables: As a matter of fact, the

correlation between uncertain variables can significantly affect
the system uncertainties. In order to investigate on this matter,
assume that all the loads are correlated to each other by 0.1.
Assume that the load at bus 7 is correlated with the wind power
generation at that bus by 0.20 and the solar power genera-
tion at bus 8 is correlated with the load at that bus by 0.2. Fi-
nally, the wind and solar generations are correlated by 0.3.
Performing P-OPF study in this situation, yields the results pre-
sented in Table VI. In this table, the LMPs whit STD values
greater than 1 [$/MWh] are given.

TABLE VI
OBTAINED RESULTS BY PROPOSED METHOD—CASE 1

Fig. 2. The convergence of MCS results—base case of 6-bus system.

In order to interrogate the effectiveness of the proposed
method, the obtained results are compared with those of MCS
with regards to both accuracy and execution time as the effi-
ciency criteria [18]. To do this, the mean, STD, and skewness
of output variables obtained by the proposed method are com-
pared with those of the MCS which are considered to be the
most accurate. It is worth noting that the results of the MCS
are calculated using variance reduction technique as the stop
criterion. Fig. 2 illustrates the convergence of MCS results for
the mean, STD, and skewness of total active losses for the first
case study.
The errors for the mean, STD, and skewness values are de-

fined by (16)–(18). Then, the mean absolute percentage error
(MAPE) for these three measures, i.e., % %,
and % are calculated by averaging the approximation
error of all output variables and presented in Table VII.

% (16)

% (17)

% (18)

It must be recognized that with no correlation, the proposed
method behaves as the original 2PEM. In [18], it is stated that
as the number of uncertain variables increases, the accuracy of
2PEM results, especially in case of STD values decreases. This
can clearly be seen from the results presented in Table VII.
A sensitivity analysis is conducted to assess the effects of cor-

relation between input variables on the accuracy of the proposed
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TABLE VII
ACCURACY COMPARISON—BOTH CASE STUDIES

Fig. 3. Sensitivity analysis of the method accuracy to correlation level.

TABLE VIII
RUN TIME COMPARISON—BOTH SYSTEMS

method. To this end, the non-diagonal correlation coefficients
are varied from 0% to 300% of their value in the correlated case
of the 6-Bus system and % %, and %
are calculated and presented in Fig. 3. The results show that the
correlation value does not have a great impact on the accuracy
of the method.
As noted earlier, one of the advantages of analytical methods

is time efficiency. Table VIII lists the execution time of MCS
and the proposed method for both case studies.
Table VIII demonstrates that the proposedmethod can greatly

reduce the execution time of the P-OPF studies. The 2PEM is
62.8 and 56.1 times faster than the MCS technique for the first
and second case studies, respectively.

VII. CONCLUSION

In this paper, a new approach for probabilistic optimal power
flow (P-OPF) in the correlated power systems was proposed
by modifying the two point estimation method (2PEM). The
uncertainty and correlation between input variables always
exist during the power system operation. So, developing new
approaches for probabilistic studies with correlated uncertain
variables is very appealing in this context. The original 2PEM
cannot handle correlated variables but the suggested method is
equipped with this feature. To inspect the performance of the
method in that field, two case studies have been examined by

the method and then the obtained results were compared against
the MCS results regards to both accuracy and execution time
criteria. Based on observations made, the proposed method has
shown interesting features in the power systems P-OPF studies.
The existence of uncertain energy resources like wind and

solar farms and also the system load uncertainty, among the
rest, can cause dramatic changes in different system parame-
ters at different buses; the severity of these changes depends
on the quantity of the load and generation in each time instant.
The correlation between uncertain input variables can influence
the system parameters such as line flows and locational mar-
ginal prices (LMP) more significantly, this matter can affect
the system more and more when the integration of a significant
amount of correlated uncertain variables are concentrated in a
specific zone of the system. Therefore, in order to maintain the
system security at the desired level, the penetration rate of un-
certain power generations like REs must be limited at each area
or some excess primary and secondary reserves must be pro-
vided.

APPENDIX

The main formulation of the 2PEM with asymmetrical loca-
tion of two sampling points is as follows [18]:
Step 1: determine the number of uncertain variables.
Step 2: set , and .
Step 3: set .
Step 4: determine and through (19)–(26).

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

Step 5: determine the two concentrations .

(27)

(28)

Step 6: run the deterministic OPF for both concentrations
using .
Step 7: calculate , and .

(29)
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(30)

(31)

Step 8: calculate the mean, standard deviation, and skewness of
the output variables.

(32)

(33)

(34)

It must be recognized that the output variables may have any
PDF type such as the normal, Weibull, and so forth. This is due
to the fact that beyond the nonlinear mapping between input and
output distributions, distributions become distorted because of
the impact of system limits, such as line and generator limits.
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