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Abstract: As a matter of course, the unprecedented ascending penetration of distributed energy resources, mainly harvesting
renewable energies such as wind and solar, is concomitant with environmentally friendly concerns. This type of energy
resources are innately uncertain and bring about more uncertainties in the power system context, consequently, necessitates
probabilistic analysis of the system performance. Moreover, the uncertain parameters may have a considerable level of
correlation to each other, in addition to their uncertainties. The two point estimation method (2PEM) is recognised as an
appropriate probabilistic method. This study proposes a new methodology for probabilistic power flow studies for such a
problem by modifying the 2PEM. The original 2PEM cannot handle correlated uncertain variables, but the proposed method
has been equipped with this ability. To justify the impressiveness of the method, two case studies namely the Wood &
Woollenberg 6-bus and the IEEE118-bus test systems are examined using the proposed method, then the obtained results are
compared against the Monte Carlo simulation results. Comparison of the results justifies the effectiveness of the method in
the respected area with regards to both accuracy and execution time criteria.
Nomenclature

The notation used throughout this paper is stated below for
the quick reference. Others will be defined in the
manuscript as required.
d
 index of demand, running from 1 to D

g
 index of generation, running from 1 to G

k
 index of samples, running from 1 to n

Cw
 wind speed Weibull scale parameter, m/s

Kw
 wind speed Weibull shape parameter

n
 number of uncertain variables

pD
 vector of loads active power, p.u.

PDERs
 vector of DERs active power generation, p.u.

PXX
 covariance matrix of the input variables

Pnet
i
 net of active power injected at bus i, p.u.
Prs
 SCG rated power, MW

Prw
 WTG rated power, MW

Pslack
 slack bus generator active power, p.u.

PWTG
 WTG output power, MW

QD
 vector of load reactive power, p.u.

QDERs
 vector of DERs reactive power generation, p.u.

QG
 vector of generators reactive power, p.u.

Qmax−PV

i
 maximum allowable limit of reactive power
generation by unit i, p.u.
Qmin−PV
i
 minimum allowable limit of reactive power

generation by unit i, p.u.
Qnet
i

& T
net of reactive power injected at bus i, p.u.

Qslack
 slack bus generator reactive power, p.u.

r
 solar radiation, W/m2
Rc
 a certain radiation point usually is set to 150 W/m2
RSTD
 solar radiation in the standard radiation, usually
is set to 1000 W/m2
v
 wind speed, m/s

V
 vector of bus voltage magnitude, p.u.

Vmax−PQ
i
 maximum limit of voltage at PQ bus i, p.u.
Vmin−PQ
i
 minimum limit of voltage at PQ bus i, p.u.
Vi
 wind turbine cut-in speed, m/s

Vo
 wind turbine cut-out speed, m/s

Vr
 wind turbine rated speed, m/s

Yij
 admittance magnitude between buses i, j, p.u.

αβ
 beta distribution shape factor, W/m2
ββ
 beta distribution shape factor, W/m2
μMCS
 mean value of output variable obtained by
Monte Carlo simulation method
σMCS
 standard deviation of output variable obtained
by Monte Carlo simulation method
σx
 standard deviation of variable x

δ
 vector of bus voltage angles, rad

δi
 voltage angle at bus i, rad

θij
 angle of Yij, rad

ρx, y
 correlation coefficient between variables x

and y
1
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1 Introduction

Being engaged with environmentally friendly concerns
obliges that the pollutants emitted to our surrounding
world must be extremely lowered. The energy intensive
sectors are of the most polluters. Accordingly, based on
the European 2050 energy roadmap, the European union
(EU) and the G8 aim to reduce greenhouse gas emissions
by at least 80% below 1990 levels by 2050 [1]. On this
pathway, a solution is to utilise non-emission energy
conversion technologies or at least low-emission ones such
as renewable energies (REs), more and more. It is aimed
to produce 20% of final energy consumption of the EU
from renewables by 2020 as an objective of 2020 project
[1]. Well, but the integration of a significant amount of
REs such as wind and solar powers into power systems
brings about crucial operational challenges which stem
from their uncertainties. Power flow (PF) evaluation is
used to determine power system’s state. However, in such
an uncertain power system, a deterministic PF evaluation
can’t reveal the state of a system, accurately. Ergo,
probabilistic evaluation is of a significant interest.
Probabilistic PF (PPF) is used to study the impact of
uncertain input variables and it determines the propagation
of uncertainties over the output parameters. In the system
expansion planning and operation, it is desired to assess
system variables (control, state and output variables) for a
range of load and generation conditions. Performing PPF
study helps system engineers in making judgments for
optimal operation and planning programmes. Performing
PPF for every possible or probable combination of loads,
generating unit’s conditions and network topology is
impractical because of extremely large computational effort
required; therefore probabilistic methods with an acceptable
accuracy as well as a tractable computation are needed for
the system studies.
To assess the impact of power system uncertainties,

probabilistic techniques have been used since early
seventies [2, 3]. These methods can be classified into two
categories: simulation and analytical methods. Monte Carlo
simulation (MCS) is the widely used simulation method.
MCS provides more accurate results, but its execution
might be extremely time-consuming, this issue makes the
MCS unattractive in real-time applications. MCS is
commonly recognised as a system-dimension independent
approach [4]. In [5], an MCS-based method is used for the
non-linear three-phase PF equations of unbalanced
distribution networks taking into account the wind
generation. A Latin hypercube sampling combined with
Cholesky decomposition technique in [6] and state space
pruning in [7] are proposed to reduce the computational
burden of MCS. To reduce the computational effort, the
analytical methods are proposed, which their summary
review is as follows. In [8, 9], the combined Cumulant and
Gram-Charlier expansion theory is used for the PPF
problem. In [8], the probability density function (PDF) of
transmission line flows is obtained, and in [10] the inclusion
of wind farms in AC-PPF is speculated. A Cumulant-based
method is proposed in [11] to deal with the uncertainty of
optimal PF problem. An enhancement to the traditional
Cumulant method is implemented in [12], named limit
corrected Cumulant method. In [13], a convolution process,
based on the fast Fourier transform is used in the PPF
studies to transform the basic input variables (nodal load
and generation distributions) into the output density
functions. In [14], the fuzzy modelling has been utilised for
2
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consideration of wind generation uncertainties in the PPF
problem. In [15], a methodology for harmonic PF
calculation based on the possibility theory is presented.
Possibility distributions instead of probabilities are the
inputs used to describe the uncertainty associated with the
magnitude and composition of loads. In [16], Cornish–
Fisher expansion series are used to obtain the cumulative
distribution function (CDF) of output variables. In [17, 18],
a new generic approach based on the point estimation
method (PEM) is developed for probabilistic evaluations.
This method was applied to PPF evaluation in [19] while
taking into account the uncertainties of bus injections and
line parameters. Two PEM (2PEM), as a specific version of
PEM, is exploited for the probabilistic optimal power flow
(P-OPF) study in [20]. Four different versions of PEM are
tried and tested in [21]. The weighted least square method is
used in [22] to solve the PPF problem, where all the input
variables are treated as Gaussian random variables. In [23],
the non-Gaussian PDFs are approximated by the Gaussian
mixture model that is able to model any marginal
distribution with a finite number of components. This paper
extends the Gaussian component combination method
introduced in [24] in order to estimate the PDF of power
flows in presence of non-Gaussian correlated random input
variables. The advantage of this approach is that it does not
need any expansion series to approximate the resulting PDF
of system variables. In [25], the unscented transformation
method is proposed in the PPF studies taking into account
the correlation between uncertain input variables.
The main advantage of the analytical methods mentioned

above is to avoid the cumbersome computer simulations; in
contrast, these methods impose more assumptions and
complex mathematical algorithms [26]. The dependency
between uncertain input variables, termed as the
correlation, is another difficulty associated with analysis of
uncertain systems. When some variables are correlated,
any variation in the value of each affects the others too.
Hence, predicting the behaviour of such a system may be
complicated. Consequently, the development of analytical
probabilistic methods capable to handle correlated
variables is of significant interest which motivates this
research work.
The main contribution of this work is to propose a new

methodology in the PPF studies of hybrid
wind-photovoltaic (PV) power systems by mathematically
modifying the original 2PEM. The proposed method can
consider the correlation between uncertain variables. At
commence, the original method is introduced, and then a
novel approach is proposed to equip the original method
with the ability of considering the correlation between
variables. Afterwards, the proposed methodology is adapted
to the asymmetrical version of the original 2PEM, then it is
implemented in the power system PPF study. In the
following, the developed methodology is examined through
two test systems including a 6-bus and a 118-bus test system.
The rest of this paper is organised as follows. Section 2

introduces the PF and PPF formulation. Section 3 describes
the probabilistic methods used in PPF studies, then
formulates the 2PEM. Section 4 discusses about the
uncertainties in the PF problem. In Section 5, the
correlation between uncertain variables and its importance
in the PPF problem is given. Then, the proposed
methodology is presented. Section 6 describes the case
studies; afterwards, the obtained results are presented for
each case study. Finally, the concluding remarks will come
in Section 7.
IET Renew. Power Gener., pp. 1–10
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2 PF problem

PF calculation is one of the most important tools for system
operation. It intends to find the system control and state
variables.

2.1 PF formulation

The PF substantial equations are as follows [8–10, 14]

Pnet
i =

∑Gi

g=1

Pg
i −

∑Di

d=1

Pd
i (1)

Qnet
i =

∑Gi

g=1

Qg
i −

∑Di

d=1

Qd
i (2)

Pnet
i = Vi

∣∣ ∣∣∑Nb

j=1
Yij

∣∣∣ ∣∣∣ Vj

∣∣∣ ∣∣∣ cos di − dj − uij

( )
(3)

Qnet
i = Vi

∣∣ ∣∣∑Nb

j=1
Yij

∣∣∣ ∣∣∣ Vj

∣∣∣ ∣∣∣ sin di − dj − uij

( )
(4)

Its inequality constraints include the maximum and minimum
allowable limits for bus voltages at PQ buses (5) and reactive
power production of generating units at PV buses (6), that is

Vmin−PQ
i ≤ V PQ

i ≤ Vmax−PQ
i (5)

Qmin−PV
i ≤ QPV

i ≤ Qmax−PV
i (6)

2.2 PPF formulation

Power systems are innately uncertain. Accordingly, the main
goal of the PPF study is to determine the state of the system as
a function of uncertain input variables. This matter can be
stated as (7)

Y = f (X ) (7)

Input vector X can be written as

X = PDQDPDERQDER...
[ ]T

(8)

The input vector contains load, network conditions, states of
generating units and power generated by the distributed
energy resources such as wind and solar farms among
others. The output vector Y is stated as

Y = Vd PslackQslack...

[ ]T
(9)

The uncertainty associated with input variables causes the
output variables to be uncertain.

3 Probabilistic methods

As previously noted, several methods for probabilistic studies
have been proposed so far, which can be categorised into two
groups: simulation methods like MCS and analytical methods
such as 2PEM.

3.1 MCS method

MCS is a simulation-based approach that uses random
numbers and probability in order to solve the problems
IET Renew. Power Gener., pp. 1–10
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having uncertainties in their parameters. It is a method to
iteratively solving a given problem using sets of random
numbers as inputs. This method is often used when the
model is complicated, non-linear or involves more than just
a couple uncertain parameters [4]. Although the MCS is
able to provide accurate results, its execution might be
really time-demanding; therefore it is not so attractive in
real-time applications.

3.2 Two point estimation method

The 2PEM is used to decompose (7) into several
sub-problems by taking only two deterministic values of
each uncertain variable placed on both sides of its mean
value. These two points may be symmetric around the
mean of a given variable or be unsymmetrical [20],
depending on the uncertain variable’s PDF to be symmetric
or asymmetric. Then, the selected sample points are fed to
the non-linear function, here the PF, to obtain the
transformed sample points. It must be emphasised that in
this method, the number of selected sample points increases
as the number of uncertain variables increases. In the PPF
studies, it is desired to find the distribution function of
output variables; therefore it is necessary to calculate the
statistical data associated with output variables, for
example, expected value and the standard deviation (STD).
However, it is rarely the case to have a set of symmetric
PDFs such as normal distribution as the inputs, for
example, the wind speed is claimed to have Weibull
distribution function which is asymmetric [27]. In this
situation, the two concentrations associated with the
unsymmetrical variable may have different distances from
the mean of distribution. Therefore, in order to obtain
unbiased estimates, it is better to use the unsymmetrical
2PEM.The procedure of this method with asymmetrical
location of two sampling points is as follows [19, 20]:

Step 1: determine the number of uncertain variables n.
Step 2: set E(Y ) = 0, E(Y2) = 0.
Step 3: set K = 1.
Step 4: determine εk,1, εk,2, pk,1 and pk,2 through (10)–(17)

1k, 1 = lk, 3/2+
���������������
n+ lk, 3/2

( )2√
, k = 1, 2, . . . , n (10)

1k, 2 = lk, 3/2−
���������������
n+ lk, 3/2

( )2√
, k = 1, 2, . . . , n (11)

Each location εk, i has a weighting factor pk, i that can be
calculated as

pk, 1 = − 1k, 2
njk

(12)

pk, 2 =
1k, 1
njk

(13)

jk = 2
���������������
n+ lk, 3/2

( )2√
, k = 1, 2, . . . , n (14)

∑n
k=1

pk, 1 + pk, 2 = 1 (15)

pk, 1 + pk, 2 = 1/n (16)

lk, 3 = M ′
3(xk )/s

3
x, k (17)
3
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Step 5: determine the two concentrations χk,1, χk,2 for each
uncertain variable

xk, 1 = mx, k + 1k, 1sx, k (18)

xk, 2 = mx, k + 1k, 2sx, k (19)

Step 6: run deterministic PF for both concentrations χk, i using
X = [μx,1, μx,2, …, χk,i, …, μx, n], i = 1, 2.
Step 7: calculate E(Y ), E(Y2) and E(Y3)

E(Y ) �
∑n
k=1

∑2
i=1

pk, ih mx, 1, mx, 2, . . . , xk, i, . . . , mx, n

[ ]( )( )
(20)

E(Y 2) �
∑n
k=1

∑2
i=1

pk, ih mx, 1, mx, 2, . . . , xk, i, . . . , mx, n

[ ]( )2( )
(21)

Step 8: calculate statistical parameters of output variables

mY = E(Y ) (22)

sY =
������������������
E Y 2
( )− (E(Y ))2

√
(23)

lY =
∑n
k=1

∑2
i=1

pk, i h mx, 1, . . . , xk, i, . . . , mx,n

[ ]−mY

( )3( )
/s3

Y

(24)

It is obvious that the heart of this method lies in how to
produce appropriate samples having enough information
about the PDF of input variables. Needless to emphasise
that for the symmetrical distributions, for which the central
third momentum and consequently the skewness, that is,
M ′

3 xk
( )

and λk,3 are zero, (10)–(17) are converted to those
of simple symmetrical version [20].

4 Uncertainty in the PF problem

4.1 Uncertain parameters

Hastening the electricity industry reregulation, in conjunction
with the unprecedented advancement of new technologies
during the past decades, the momentousness of PF for
power system planning and operation has been glanced
considerably. Generally, PF is addressed as a deterministic
problem with fixed model parameters and input variables.
However, many random disturbances or uncertain factors
may exist within the power system operation. These
uncertainties impose errors in the PF solutions when
deterministic data are employed; therefore probabilistic
analysis must be executed. Although, power systems are
faced with variety of uncertainties, we mostly focus on
uncertainties associated with load, wind and solar power
generation.

4.2 Uncertainty modelling

Certainly, the load as the most conspicuous uncertain variable
plays a crucial role in power system operation. It fluctuates as
a function of time, weather conditions and electricity price
among the rest. It is a common practice to model the load
through the normal distribution with specific mean and
4
& The Institution of Engineering and Technology 2014
STD values which can be obtained from historical data
[28, 29]. In this study, the load is modelled using a normal
distribution function with μ, the mean value equal to the
base load and σ, the STD equal to ± 5% of its mean.
In addition, some buses are assumed to have integrated

wind farms with uncertain output powers. Wind speed
varies both in time and location and its PDF is claimed to
be Weibull in the respected literature [27]. Therefore the
wind speed is modelled with the Weibull distribution
function. The wind turbine generator (WTG)’s output
power uncertainty modelling is summarised as follows.

Step 1: wind speed is modelled by an appropriate PDF such as
Weibull. It can delineate the wind speed manner and the
occurrence probability of each wind speed. The Weibull
distribution function is represented by (25)

f (v) = Kw

Cw

v

Cw

( )Kw−1

exp − v

Cw

( )Kw
( )[ ]

(25)

Step 2: to assess the uncertainties, the problem is evaluated
several times to cover at least the most important or
probable conditions. For modelling the WTG’s output
power uncertainty, the wind speed samples are generated in
each evaluation by an appropriate manner.
Step 3: the generated wind speed samples can be transformed
to wind turbine output power using wind speed–power curve
through (26)

PWTG = 0, if v ≤ Vi or v ≥ Vo

PWTG = Pr
v− Vi

Vr − Vi
, if Vi , v , Vr (26)

PWTG = Pr, if Vr ≤ v , Vo

Step 4: the wind turbine output power can be modelled as a
negative load in the corresponding bus (here, it is assumed
that the wind farm power factor is kept at 0.85 lag) [30].
The other important uncertain factor may be the uncertainty

of solar radiation. Unlike it seems, the solar radiation has a
high degree of uncertainty. It varies as a function of several
factors such as environmental conditions, time of day,
month, season and orientation of the solar cell generator
(SCG) to the sun radiation among the rest. As a result, the
solar radiation can be modelled with a beta distribution
function

f r: ab, bb

( )
=

G ab + bb

( )
G ab

( )
G bb

( ) rab−1(1− r)bb (27)

The procedure of uncertainty modelling for SCG’s output
power is the same as that of wind power uncertainty
modelling. SCG’s output power is related to the solar
radiation; therefore its output power modelling requires the
solar radiation modelling. The SCG’s output power as a
function of radiation is stated as radiation–power curve [31]

P = Prs
r2

RSTDRC

( )
, if 0 ≤ r , RC

P = Prs
r

RSTD
, if RC ≤ r , RSTD (28)

P = Prs, if RSTD ≤ r
IET Renew. Power Gener., pp. 1–10
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5 Correlation between uncertain variables

System variables may be dependent to each other or may not.
When variables depend on each other, variation of one
variable affects the other variables too. The eminence and
direction of these impacts are functions of this dependency.
Generally, this matter is stated through the covariance
matrix or correlation coefficient matrix. The correlation
coefficients can be obtained through (29)

rx, y =
cov(x, y)

sxsy
=

E x− mx

( )
y− my

( )[ ]
sxsy

,

x, y = 1, 2, . . . , n

(29)

The correlation coefficient is + 1 in case of perfect positive
linear relationship, −1 in case of a perfect negative linear
relationship [32], and some values in the range of [−1, 1] in
all other cases, indicating the degree of linear dependence
between the variables. As it approaches zero, there is less of
a relationship (closer to uncorrelated). The closer the
coefficient is to either −1 or 1, the stronger the correlation
between the variables. If variables are independent, the
correlation is zero, but the converse is not true. The
uncertainty and correlation of the load at different buses is
reasonable because some common factors such as weather
conditions influence a large group of customers in the same
way [20]. Both uncertainty and correlation of the load can
be modelled using a correlated normal distribution function
[33, 34].

5.1 Importance of correlation

Nowadays, the utilisation of REs for energy generation is
growing at a high rate as a direct consequence of serious
environmental concerns. In this context, wind and solar
energies are of the most successfully utilised. It is a
well-known fact that there is a considerable degree of
correlation between these energies. As a matter of fact,
correlation of wind speeds at nearby wind farms may result
in a large/little power generation by these wind farms which
can severely affect the power transmitted through the lines
[30]. Similar reasoning may be done for the loads at nearby
buses. Hence, the investigation on the correlation effects on
power systems is really of significant interest.

5.2 Equipping the 2PEM to consider the correlation

As mentioned before, the correlation between uncertain
variables plays a crucial role in the performance of future
power grids. Therefore the probabilistic methods capable to
consider the correlation between uncertain input variables
are of huge interest. This paper deals with mathematically
enhancing the original 2PEM in this respect by its sampling
modification as the following steps.

Step 1: consider a system with n uncertain variables
represented through different PDFs such as normal or
Weibull among the rest. So we have an n × 1 vector
denoted by mean vector m, an n × 1 vector denoted by
skewness vector λ and an n × n matrix denoted by
covariance matrix PXX

m = m1m2 · · ·mn

[ ]
(30)
IET Renew. Power Gener., pp. 1–10
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l = l1l2 · · · ln
[ ]

(31)

PXX =
c11 · · · c1n

..

. . .
. ..

.

cn1 · · · cnn

⎡
⎢⎣

⎤
⎥⎦ (32)

Note that as some variables may have normal distribution
function and consequently having zero skewness values,
their corresponding quantities in (31) are zero. The
elements of the correlation coefficients matrix of the system
variables, that is, ρ is calculated through (29). It must be
recognised that if all variables are independent, the
covariance matrix will be a diagonal matrix.
Step 2: obtain an n × (2n) matrix denoted by uncertain
variables matrix sampling Ψ by the original 2PEM as the
following

C =

x1, 1 x1, 2 mx, 1 mx, 1 · · · mx, 1 mx, 1
mx, 2 mx, 2 x2, 1 x2, 2 · · · mx, 2 mx, 2

..

. ..
. ..

. ..
. . .

. ..
. ..

.

mx, n mx, n mx, n mx, n · · · xn, 1 xn, 2

⎡
⎢⎢⎢⎣

⎤
⎥⎥⎥⎦ (33)

Note that in this matrix, whose columns are the sampling sets
for the uncertain variables, some variables may have normal
PDF and some may have other PDFs such as Weibull or
beta distributions. Stress again that the correlation between
uncertain variables in this matrix is zero, that is, the
sampled variables are uncorrelated. The heart of the
proposed method to convert this independent uncertain
samples to correlated ones with the correlation coefficient
matrix of ρ between variables is to use of an orthogonal
transformation, which helps in transforming a set of
independent standard normal variables (with zero mean and
unit STD) into the set of correlated ones. Therefore the next
step will be the transformation of samples with different
distributions to the standard normal variables using Nataf
transformation [35] through step 3.
Step 3: use (34) to obtain the standard normal samples of
Ψ and obtaining its standardised normal representation, that

is, C
�

xi
� = F−1[Fi(xi)], i = 1, 2, . . . , n (34)

Fi is the CDF of xi and Φ(.) is the CDF of standard normal
variable. Note that through (34), each sample of matrix Ψ is
converted to the corresponding standard normal sample.
The interested reader is referred to [30] for further
information about this procedure.
Step 4: now, the problem is how to convert the independent
standardised normal samples to correlated ones with the
correlation coefficient of ρ which is a well-known problem
in the literature such as [30, 36, 37]. This problem can be
solved using an orthogonal transformation that transforms
these uncorrelated samples to correlated ones as the
following [30, 36]

P
� = LC

�
(35)

where L is the matrix square root of ρ. Note that the matrix
square root of ρ means that if ρ is real, symmetric (ρ = ρT)
and positive definite matrix; then, there is a unique
decomposition for ρ matrix such that (ρ = LLT) in which L
is the lower triangular matrix with positive diagonal
5
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elements [38]. It should be computed using numerically
efficient and stable methods such as the Cholesky

decomposition [26]. Note that P
�

is the matrix of
standardised normal samples, in which the uncertain
variables are correlated to each other by ρ.
Step 5: use the inverse of (34) to de-normalise P

�
and obtain

the matrix P. Note that xi are the elements of matrix P

xi = F−1
i F xi

�( )[ ]
, i = 1, 2, . . . , n (36)

Step 6: solve deterministic PF problem for any column of P as
the input sample vector.
Step 7: obtain the transformed sample points and statistics of
output variables through (20)–(24).

6 Case studies and discussion

To justify the effectiveness of the proposed method in the PPF
studies with correlated variables, two case studies are
conducted. Then, the comparison of the results is presented
for each case study. The proposed method was implemented
on a Dell Inspiron 1420 system with a 2 GHz processor and
2 GB of random access memory using Mathpower software
[39].

6.1 Wood and woollenberg 6-bus system

This system has 6 buses, 3 generation units and 11
transmission lines with base power and base voltage equal
to 100 MVA and 230 kV, respectively [39]. It is such a
simple case that the correctness of the results can be
confirmed intuitively, meanwhile, some important features
of the method can be revealed. In this case study, two
sub-cases are defined and the obtained results for each case
are elucidated logically.

6.1.1 Base case: uncorrelated variables: It is a
well-known fact that REs have an intermittent and variable
nature, so utilisation of these energies in power systems can
raise network uncertainties. Assume that based on
independent system operator’s planning policy in order to
increase the green energy generation, a 20 MW wind farm
comprised of 8 × 2.5 MW wind turbines nearby the bus 4
and also a solar farm with installed capacity of 10 MW at
bus 6 must be installed. More detailed technical data about
wind and solar farms are outlined in Appendix (Table 9).
The intention at this point is to assess the uncertainties of
Table 1 Obtained results by proposed method – case study 1

Parameters Base case

Mean STD Skewn

losses, MW 6.6759 0.7232 −0.00
P1–2, MW 23.8266 2.8511 −0.06
P1–4, MW 37.7445 3.3418 −0.16
P1–5, MW 32.4424 2.2521 −0.00
P2–3, MW 2.3359 0.8613 0.00
P2–4, MW 30.2541 2.5778 −0.19
P2–5, MW 15.7982 0.717 0.00
P2–6, MW 24.8025 1.611 0.00
P3–5, MW 19.8016 0.7304 0.00
P3–6, MW] 42.4959 1.2029 0.02
P4–5, MW 4.9216 0.9981 0.07
P5–6, MW 0.4384 0.9885 0.01
Pg1, MW 94.0135 8.2621 −0.08
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PF output parameters for this case study. Adding these REs
parks to the network and performing the PPF study by the
proposed method, results in data outlined in Table 1. It
must be recognised that without the correlation between
variables, the proposed method behaves as the original
2PEM.

6.1.2 Case 1: correlated variables: What effects can be
imposed to the system by the correlation between variables
(the load at buses 4, 5 and 6 as well as wind generation at
bus 4 and solar generation at bus 6) is the subject of this
case. For sake of simplicity, consider the case in which the
correlation coefficients matrix of the system is as follows

r =

1 0.5 0.3333 0.25 0.2
0.5 1 0 0 0

0.3333 0 1 0.0833 0.0667
0.25 0 0.0833 1 0.2
0.2 0 0.0667 0.2 1

⎡
⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎦ (37)

In this situation, the system PPF study results are as given in
the last three columns of Table 1.
Comparison of the results reveals that the STD value of

losses increased because of the correlation between
variables. The mean and STD of generation at bus 1 have
been increased, due to the fact that it is the slack bus unit
and should compensate the power mismatch of the system.
Inspecting the results of each sampling evaluation more
closely results in better understanding the procedure of the
method. Therefore, for sake of completeness and because of
space limitation, only the first evaluation results of the
problem in correlated and uncorrelated cases is presented
simultaneously in Fig. 1. In this figure, the samplings of
input variables and PF solutions for uncorrelated variables
are presented in bold and black-coloured and those of
correlated variables are presented underlined and
red-coloured. Fig. 1 pictorially confirms the results of
Table 1. Since the net of system load is higher than the
uncorrelated case, the power mismatch and additional losses
must be provided by the slack bus unit located at bus 1;
therefore its generated power raises from 102.76 MW in
uncorrelated case to 106.41 MW in correlated case.
Interestingly, as the skewness of a variable tends to be zero,

its distribution function approximates to be symmetric, for
example, being normally distributed. This matter is
pictorially presented in Figs. 2 and 3, in which the PDFs
associated with the power transmitted through two
Correlated

ess Mean STD Skewness

57 6.6758 0.7939 −0.0151
13 23.83 3.0935 −0.0383
62 37.7471 3.4778 −0.1448
55 32.443 2.4932 0.0037
99 2.336 0.8265 0
09 30.2554 2.0572 −0.4488
82 15.7984 0.6395 −0.0015
52 24.8026 1.5794 −0.0003
17 19.802 0.7111 −0.0054
39 42.4957 1.1986 0.0155
07 4.92 0.7427 0.2398
61 0.4381 0.9843 0.0157
08 94.0201 8.9653 −0.055
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Fig. 2 Approximated PDF for power transmitted from bus 2 to bus 3 b

Fig. 1 First sampling and transformation of correlated and
uncorrelated cases

Fig. 3 Approximated PDF for power transmitted from bus 2 to bus 4 b
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transmission lines obtained by the 2PEM are compared with
those of MCS. Fig. 2 compares the approximated PDF for
power transmitted from bus 2 to bus 3, obtained by the
2PEM and MCS techniques. As its calculated skewness has
a very small value, its approximated PDFs by 2PEM and
MCS are close to each other. Fig. 3 presents these PDFs for
the power transmitted from bus 2 to bus 4. Expectedly, as
its calculated skewness has a larger magnitude, the two
PDFs are relatively different from each other. Moreover, its
real PDF which is obtained through MCS is skewed to the
left as it has a negative skewness; hence, approximating it
with a normal distribution function would be erroneous,
especially when the skewness value has rather a large value.
To interrogate the effectiveness of the method, its results

are compared with those of MCS with regards to both
accuracy and execution time. To do this, the mean and STD
values of output variables obtained by the proposed method
are compared with those of the MCS which are considered
the most accurate. It must be mentioned that the results of
the MCS are calculated using variance reduction technique
as the stop criterion. The errors for the mean and STD
values are defined as

1m = 100 mMCS − m
( )
mMCS

∣∣∣∣
∣∣∣∣[%], 1s = 100 sMCS − s

( )
sMCS

∣∣∣∣
∣∣∣∣[%]

(38)

Table 2 presents the accuracy comparison of the results
y two methods

y two methods
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Table 2 Accuracy comparison – case study 1

Parameters Base case Correlated

εμ% εσ% εμ% εσ%

losses, MW 0.2291 6.5388 0.3388 5.0245
P1–2, MW 0.1893 6.0091 0.2895 4.3373
P1–4, MW 0.1736 8.1816 0.2397 6.1794
P1–5, MW 0.0504 3.7517 0.1492 2.7989
P2–3, MW 0.2224 0.4759 0.0072 0.4470
P2–4, MW 0.2100 8.5858 0.2161 8.8807
P2–5, MW 0.1037 0.5526 0.0067 0.1705
P2–6, MW 0.0017 0.3805 0.0071 0.6387
P3–5, MW 0.0759 0.3177 0.0200 0.6871
P3–6, MW 0.0232 0.1180 0.0097 0.8705
P4–5, MW 0.5453 5.0810 0.2724 5.1939
P5–6, MW 3.4451 0.0596 0.5841 0.7451
Pg1, MW 0.1351 6.4131 0.2211 4.64

Table 5 Obtained results by proposed method – base case

Parameters Mean STD Skewness

losses, MW 131.83 2.1447 0.9008
P30–38, MW 62.371 5.3251 −0.0325
P63–59, MW 152.45 6.7182 0.0561
P63–64, MW −152.45 6.7182 −0.0561
P38–65, MW −181.80 6.3176 −0.0346
P64–65, MW −184.05 9.7203 −0.1171
P65–66, MW 11.308 4.6238 0.1216
P65–68, MW 9.59 15.6289 −0.1218
P68–69, MW −92.52 15.8967 −0.0305
P69–77, MW 33.86 5.7911 0.0883
P68–81, MW −82.02 8.0672 0.0792
P81–80, MW −82.16 8.091 0.0754
P77–82, MW −21.93 4.0831 0.3072
P89–90, MW 57.92 4.0447 0.3447
P68–116, MW 184.126 9.2117 0.0098
Pslack, MW 425.92 30.6582 0.0241

Table 6 Obtained results by proposed method – case 1

Parameters Mean STD Skewness

losses, MW 152.0778 2.8729 0.6382
P8–30, MW 43.7336 4.0635 −0.0349
P30–38, MW 15.3024 5.3819 −0.0378
P63–59, MW 163.373 6.8738 0.0565
P63–64, MW −163.17 6.8738 −0.0565
P38–65, MW −247.313 6.6675 −0.0387
P64–65, MW −203.74 9.7271 −0.129
P65–66, MW 37.948 4.8863 0.1353
P65–68, MW −105.37 16.5477 −0.1373
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obtained by the proposed method in this case study. From this
table, it is clear that the method is adequately able to handle
the correlated variables. In spite of more complexity in this
case, caused by correlation, the maximum occurred error in
the mean and STD values are 0.58 and 8.88%, respectively.
Therefore the proposed method performs well in this
system. Another important observation to be made is that
much more accurate results are obtained when the proposed
method is used. The reason for this is that in the proposed
method the dependency between uncertain input variables is
taken into consideration which leads to more accurate
predictions.

6.2 IEEE 118-bus test system

This system has 118 buses, 186 transmission lines and 54
generation units [39]. For this case study, two sub cases are
defined again.

6.2.1 Base case: uncorrelated variables: Assume that
this system has three wind farms and three solar farms
whose information is given in Tables 3 and 4, respectively.
Table 5 outlines the results obtained by the method applied
in the PPF study. In this table, the statistical data for the
total losses and the generation of slack bus unit are given.
The transmitted powers with STD values > 4 MW are
given. Referring to Table 5, it is clear that the existence of
uncertain variables such as wind and solar farms in certain
areas brings additional uncertainties in those areas and their
neighbourhood.

6.2.2 Case 1: correlated variables: As a matter of fact,
the correlation between uncertain variables can affect the
Table 3 Wind farm information – 118-bus system

Parameters Farm 1 Farm 2 Farm 3

bus no. 93 94 95
cap., MW 50 50 50

Table 4 Solar farm information – 118-bus system

Parameters Farm 1 Farm 2 Farm 3

bus no. 76 77 118
cap., MW 20 20 20
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system uncertainties. To investigate this matter, assume that
all the uncertain loads are correlated to other uncertain
variables by + 0.001. Between the wind farms, a correlation
coefficient of + 0.1 is considered. The correlation
coefficients of solar farms are also considered to be 0.1. A
correlation coefficient of −0.3 between wind speed and
solar radiation, based on historical data of wind speed and
solar radiation in Tehran, the capital of Iran, is also
considered. Performing PPF study in this situation yields
the results outlined in Table 6. From this table, the power
flow between buses 69 and 68 has the greatest STD in
transmission lines since it is located near the correlated REs
and also near some largest load points.
As noted earlier, one of the advantages of analytical

methods is time efficiency. Table 7 lists the execution time
of MCS and the proposed method. It is obvious that the
computational burden of the problem considerably
decreases when the proposed method is used.
P68–69, MW −171.11 16.6124 −0.0466
P69–77, MW 34.978 6.01 0.0954
P68–81, MW −118.41 7.9196 0.0827
P81–80, MW −118.487 8.0635 0.0788
P77–82, MW −24.48 4.3185 0.3094
P89–90, MW 110.65 4.1444 0.3522
P68–116, MW 184.31 9.3113 0.02
Pslack, MW 576.31 32.573 0.0352

Table 7 Run time comparison – both systems

Methods Run time, s 6-bus Run time, s 118-bus

MCS 124.32 389.84
2PEM 0.1268 8.037

IET Renew. Power Gener., pp. 1–10
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Table 8 Accuracy comparison summary – both systems

Case
studies

Cases Methods MAPEμ MAPEσ

6-bus uncorrelated original 2PEM 0.4157 3.574
proposed 0.4157 3.574

correlated original 2PEM 27.61 9.54266
proposed 0.18166 3.124

118-bus uncorrelated original 2PEM 0.2831 8.077
proposed 0.2831 8.077

correlated original 2PEM 15.151 8.8487
proposed 0.3336 8.09

www.ietdl.org
Table 8 presents the mean absolute percentage error
(MAPE) of mean and STD values for both case studies.
Needless to emphasise that without correlation the proposed
method is the same as original 2PEM. On the other hand,
the MAPE values in uncorrelated variables are the same for
original 2PEM and the proposed method. The original
2PEM cannot handle correlated variables. Therefore, in the
correlated cases, the associated errors are presented, when
the original 2PEM is used. In [20], it is claimed that as the
number of uncertain variables increases, the accuracy of
2PEM results, especially in case of STD values, decreases.
This matter is confirmed through this case study. As can be
seen, the errors for the mean and STD values of output
variables have increased compared with the first case study.
Note that in the 118-bus system, the maximum observed
errors for the mean and STD values among all output
variables were 30.185 and 68.72%, respectively.

7 Conclusion

In this paper, a new approach for PPF in the correlated
environment was proposed by modifying the 2PEM. The
uncertainty and correlation between input variables always
exist during the power system operation. Therefore
developing new approaches for probabilistic studies with
correlated uncertain variables is very appealing in this
context. The original 2PEM cannot handle correlated
variables, but the suggested method is equipped with this
feature. To inspect the performance of the method in that
field, two case studies have been examined by the method,
and then the obtained results were compared against the
MCS results with regards to both accuracy and execution
time criteria. Based on observations made, the proposed
method has shown interesting features in the power systems
PPF studies.
The correlation between uncertain input variables can

influence the system parameters such as line flows more
significantly, this matter can affect the system more and
more when the integration of a significant amount of
correlated uncertain variables are concentrated in a specific
zone of the system.
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Table 9 presents the detailed information about wind and
solar farms.
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